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1. INTRODUCTION 
We consider the problem 
Au-u+p+I=o in G (1) 
u=o on iiL! (2) 
where Q is the annulus 
J-2 = qr, c) = {(x, v): rz < x2 + y2 < (r + c)Z} (3) 
and N is a positive integer. It follows from a result of [51 that when R is a 
disk then any positive C’-solution of (.l), (2) must be radially symmetric. We 
shall show that, by contrast, in the case of the annulus there may be many 
rotationally non-equivalent positive solutions of (l), (2), none of which is 
radially symmetric; in fact for jked c > 0, the number of these solutions is 
unbounded as I’ + co. 
Our result also implies the following assertion. For afixed annulus (3) the 
number of rotationally non-equivalent positive solutions to 
Au - m2z4 + uzh’+* = 0 in Q 
u=o on a2 
grows without bound as m + co. 
It has been shown by Brezis and Nirenberg, [ 11, that in the case of 
Dirichlet problem for A14 + up = 0 on an “annulus” in n-space there exist 
positive solutions which are not radially symmetric, at least when a > 2 and 
p is near to (but less than) (n + 2)/(n - 2). 
* This research was supported in part by NSF Grant MCS 80-02851. 
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2. VARIATIONAL PRINCIPLE 
We associate with the problem (I), (2) the Rayleigh quotient 
(4) 
J(U) is defined for all non-zero functions in the Sobolev space HA(B) (our 
notation follows [4]). 
PROPOSITION 1. ljru E H#J)\{O} and w is the solution to 
-Al+) + )il = U2N+’ in D 
M’ = 0 on a2 
then 
J(w) <J(u) 
(5) 
(6) 
with equality if and only if u is to within a scalar multiple a solution of (I), 
(2). 
COROLLARY. Let V be a closed convex cone in Hi(O) which is invariant 
under the mapping 
where w and u are related as in Proposition 1. Then there exists a non-trivial 
solution u oj- (I), (2) that belongs to V and satisJes 
The introduction of 
Proposition 1 and its 
proofs of these results 
analogous results. 
J(21) = inf (J(v): v E Vj{ 0} 1. 
the Rayleigh quotient (4) as well as the content of 
corollary is suggested by Nehari’s paper [7]. The 
will not be given here; see [7] or [2] for proofs of 
3. SOME ESTIMATES 
For a positive integer k let Vk(r, c) denote the positive cone in the 
subspace of HA(fZ?(r, c)) that consists of all functions u invariant under 
U(s, y) k+ u 
2X 2n 271 2z 
x cos - + y sin -, -x sin k + y cos - 
k k k (7) 
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and let Vm(r, c) denote the positive cone in the subspace of H$2(r, c)) that 
consists of all radially symmetric functions. Note that V, and V, satisfy the 
hypotheses of the corollary to Proposition 1. 
For k a positive integer or k = 00 let 
j, = jk(Y, c) = inf {J(v j: u E Vk(~. c)\jO} ). 
PROPOSITION 2. There exists a constant C,, depending only on N, such 
that 
where 1’ = N - 1 for N > 1 and v = 112 when N = 1. There exists a constant 
Cz = C?(N, k, rO, cO) such that for r > r,, > 0, c > c, > 0, 
jk(r, c) < C$“. (9) 
Finally, for any fixed r, c, 
ki”, j&, cl =j=(r, cl. (10) --t 
Proof. For u E Vm(r,, c) and x2 + y2 =p2 we have 
u’@) = -2 im uu, dp, 
P 
thus 
ifN>l.ForN=lweuse 
i 
jJ u’ dx dy 
R 
u’dxd-v) (f u’dxdy), 
“-a 
to obtain (8). 
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To prove (9) we observe that if u,, u?,..., uk belong to C?(Q), have 
mutually disjoints supports, and satisfy 
for i = 1, 2,..., k then 
J(u, + 242 + . . . UJ = k”f”. 
The second assertion readily follows. 
To prove the final assertion we note that if {v,} is any bounded sequence 
such that v,, E Vk,n), n = 1, 2,..., where k(n) + co and JJ, t~y’r dx dy = 1, 
n = 1, 2,..., then (u,,} contains a subsequence that converges weakly in H,#2) 
to a non-trivial element of V,. Since J is weakly lower semi-continuous 
(except at 0) the equality (10) follows. 
Remark. The inequality (8) was suggested by an inequality of Nehari, 
[7], for a singular one-dimensional problem. Essentially the same inequality 
enables one to prove that the subspace of II@.“‘) that consists of radially 
symmetric functions imbeds compactly in Lp(lR.‘) for 2 < p < 2N/(N - 2). 
From the latter one can deduce existence of non-trivial solutions to Au - u + 
IuI~-~~ = 0 in R N for the same range of p, see [7,2,3,6,8]. 
Next we shall prove a refinement of the final assertion of Proposition 2. 
Let u E Vk(r, c)\(O} and let u be expressed in terms of polar coordinates 
(p, 19). Denote by u the radially symmetric function defined, for r <p < r + c, 
by 
‘@) = +-.i’” u(p, 0) de. 0 
Then 
and, by Jensen’s inequality, 
(11) 
and 
(12) 
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LEMMA 1. Let MI E VJr, c) and satis& 
[z”w@,B)dt)=O, r<p<r+c. 
-0 
Then 
(12’) 
(13) 
ProoJ If w E Vk(r, c) and w is smooth then (12’) implies (independently 
of boundary conditions) that for fixed p there exists 6, such that 
~1’@, 6 ) = w (p, 8, + F) = 0, I = l...., k - 1, 
and 
,Oo+ 2nlk 
I to@, 6) d6’ = 0. ” 00 
It follows that 
Upon noting that &p, 0) < p2 / VW(P, 0) 1’ we readily obtain (13). 
LEMMA 2. Let 1 < 0 < 2. There exists a constant C, depending only of1 
N and 0, such that 
(14) 
Proof. Put 
iv = u - D 
so that IY E Vk(r, c) and w satisfies the hypothesis of Lemma 1, hence (13 f. 
Let u be given and put 
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so that 
. . 
I! w*J~+*dXdy< ( ii,WidXdjgFii (~~~l,*~i’md~)‘-“‘2. (15) 0 
In what follows C denotes a generic constant that depends only on N and u. 
From (13), (15) d an a standard Sobolev inequality we have 
In view of (11) and the definition of w there follows 
Ti 
Wan+* dx dy < C (y)’ (j:T, (~Vu~*+~‘)dlrdy)~+~. (16) 
_. R 
From the definition of w, the Minkowski inequality, and (12) we have 
*N+ ’ dx a!~, 
) I/(Z.VfZ). 
(17) 
Upon substituting (16) in (17) and using the definition of J we obtain (14 j. 
This completes the proof. 
PROPOSITION 3. Let rO, cO, ,u > 0 be given. There exists a constant C, 
depending on rO, c,, . ,a, N, such that if r > r,, , c0 < c < ,ar and 
j,dry c) < .i&, c) - 1 (18) 
then 
k < C(j,(r, c))~~+~. (19) 
ProoJ Choose u E l/k(r: c)\{O} so that 
Jf (lVul’+u2)dxdy= 1 (20) -0 
uZN+* dx dy =jk(r, c). (21) 
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Let u be as above, then, by (11) and (20), 
Under the hypotheses of the proposition, when (18) holds we can by 
Proposition 2 rewrite (14) as follows: 
< (J-l/‘“+2 (joo(,, 4)2/““‘+1 
(23) 
(here, as before, C is a generic constant depending only on the parameters 
indicated in the statement of the proposition). Using (23) to estimate the 
right side of (22) yields 
\ 
< Ck-l/(2”+‘) (jm(,, c))~I(*~‘+I) , ~,2’v+2 dx dy) -* (24) 
and, if we assume 
Ck- l:(zh’+2) (j,(r, c))“(“+ l) ~ l/2, (251 
then, in view of (21) and (18)? 
jm(r, c) - j,(r, c) < 2Ck-“(‘N+” (jm(r, c))‘+~/(~+~‘. 
Suppose now that 
(26) 
2Ck-‘/““+” (jo(j(y, c))l+ZI(h‘+ll < 1, (27) 
then, since (18) implies jm(r., c) > 1, (25) must hold and thus (26) is valid 
and (26) and (27) contradict (18). Thus (18) implies 
2Ck-‘;(“NfZ’ (jn(r, c))I+2i(N+ 1) ~ 1 
or 
k < (2C)2N+’ (j,(r, c))‘~+~. 
This completes the proof. 
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4. EXISTENCE THEOREM 
We now prove the assertion that was made in Section 1. We begin by 
recording the obvious facts that: ifrn is the least common multiple of k and n 
then 
and, whenever k divides m, then 
jk <<j,. (29) 
THEOREM. Let cO: ,a > 0 and the natural numbers N(> 1) and M be 
given. There exists an r1 such that if r > rl and c0 < c < ,ur then the problem 
(l), (2) has at least M rotationally non-eqztivalent positive solutions on 
I2 = .C!(r, c). 
Proo$ In the applications below of Propositions 2 and 3 cO, p and N are 
as above and r0 is assumed to be 1: the constants that appear below are the 
corresponding constants in the statements of Propositions 2 and 3. 
Corresponding to each prime p such that 
j&-, c> < j,(r, c) - 1 (30) 
there exists (by the corollary to Proposition 1 and the observations in the 
first paragraph of Section 3) a (positive) solution of (l), (2) that belongs to 
V,(r, c)\V,(r, c) and minimizes J in V,(r, c)\(Oi. If there is a common 
solution that corresponds to the distinct primes p, , pz ,..., p, then 
jp,(r3 c> = . ..=jp.r(r,c)=jp,pI...p,,(r,c). (31) 
Inequality (30) holds in. particular for each prime p in the interval (fc~, a), 
where 
a = a(r, c) = ((jm(r, c) - 1)/C,)““. 
On the one hand, by Proposition 3, the number n of primes in this interval 
for which (31) can hold is uniformly bounded for 1 < r, c, < c <,ar, while on 
the other hand the number of’primes in the interval grows without bound as 
jm(r, c) -+ co. The assertion in the theorem follows. 
Remark. To generalize the result to ‘%hells” in higher even dimensional 
spaces we note that the cyclic rotation groups of large order are to be 
replaced by finite rotation groups with dist (O(x), ~7) uniformly small for x, y 
arbitrary points on the unit sphere, O(X) the orbit of x. Lemma 1 is essen- 
tially an eigenvalue estimate for the Dirichlet (actually Neumann) problem 
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for the Laplacian on the annulus and generalizes as such. If the non-linearity 
is ~z./~-‘u, p > 1 (p of course need not be an odd integer) then the 
straightforward generalization of Lemma 2 requires a stronger restriction on 
p than the basic existence theorem, namely p < n/(n - 2) (n the dimension of 
the space). 
Riore added in proof. Bernard Kawohl, in a paper entitled “On the isoperimetric nature of a 
rearrangement inequality and its consequences for some variational problems” (to appear). 
has shown that the minimizer of J in Vk does not belong to V, for any proper multiple M of k. 
This simplifies considerably the proof of our main result; the argument however does not 
obviously admit generalization to higher dimensions. 
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